Abstract. We consider a bounded linear operator T on a complex Banach space X and show that its spectral radius r(T ) satisfies r(T ) < 1 if all sequences ( x ′ , T n x ) n∈N 0 (x ∈ X, x ′ ∈ X ′ ) are, up to a certain rearrangement, contained in a principal ideal of the space c 0 of sequences which converge to 0. From this result we obtain generalizations of theorems of G. Weiss and J. van Neerven. We also prove a related result on C 0 -semigroups.
Introduction
Let T be a bounded linear operator on a complex Banach space X and suppose that T is weakly stable, which means that the powers T n converge to zero as n → ∞ with respect to the weak operator topology. There are plenty of results in the literature stating that T is in fact uniformly stable, meaning that T n converges to zero with respect to the operator norm topology, if the weak convergence satisfies certain decay properties. For instance, G. Weiss showed in [15, Theorem 1] that the spectral radius r(T ) satisfies r(T ) < 1 provided that there is a p ∈ [1, ∞) such that the sequence ( x ′ , T n x ) n∈N0 is contained in l p := l p (N 0 ; C) for each x ∈ X and each functional x ′ in the dual space X ′ . In this note we will show, among other results, that the conclusion of Weiss' theorem remains true if p is allowed to depend on x and x ′ , i.e. we prove the following result:
Theorem. Let T be a bounded linear operator on a complex Banach space X and suppose that for all x ∈ X, x ′ ∈ X ′ there exists p ∈ [1, ∞) such that ( x ′ , T n x ) n∈N0 ∈ l p . Then r(T ) < 1.
This theorem (in fact, a slight generalization of it) is shown in Corollary 4.3 below. In [13, for all x ∈ X, x ′ ∈ X ′ satisfying ||x|| ≤ 1, ||x ′ || ≤ 1. Then r(T ) < 1. In the current note, we show that the same conclusion still holds true if one allows the function ϕ to vary within a countable set; more precisely, we prove the following:
Theorem. Let T be a bounded linear operator on a complex Banach space X. Let Φ be an at most countable set of non-decreasing functions ϕ : [0, ∞) → [0, ∞) which are strictly positive on (0, ∞) and suppose that for each x ∈ X, x ′ ∈ X ′ satisfying ||x|| ≤ 1, ||x ′ || ≤ 1 there is a ϕ ∈ Φ such that (1.1) holds true. Then r(T ) < 1.
A slightly more general version of this theorem is proved in Theorem 4.2 below. The reader will easily see that the first theorem stated above follows from the second one. Besides that, we also prove a C 0 -semigroup version of the first theorem in Section 5.
Let us comment briefly on the history of the subject: the development of results like those quoted above was motivated by a well-known theorem of Datko and Pazy, who proved in [2] , [9] that an integrability condition on the orbits of a C 0 -semigroup ensures that its growth bound is strictly negative; see also [3, [13] , van Neerven generalized the known results on single operators as well as on semigroups by considering certain Banach function spaces. For more details on the development of the subject up to then and for additional references we also refer to the introduction of [13] . Further information on the size of (weak) operator orbits can also be found in the survey article [6] . Since then, a considerable number of results on this topic has appeared, many of them devoted to the analysis of more general evolution semigroups, as e.g. in [10] . We also want to mention the paper [8] , where the resolvent of an operator T is assumed to belong to some spaces of holomorphic functions, which implies r(T ) < 1 under certain conditions. A very recent contribution to the field is [1] where uniform stability of a C 0 -semigroup is derived from certain discrete, weak summability conditions. Some rather general results on the existence of large weak orbits of C 0 -semigroups were recently published in [12] and [7] While van Neerven used Banach function spaces and in particular Orlicz spaces to prove his result quoted at the beginning, we use a different approach: In Section 3, we show that an operator T satisfies r(T ) < 1 if all sequences ( x ′ , T n x ) n∈N0 (x ∈ X, x ′ ∈ X ′ ) are in some appropriate manner controlled by a sequence f which converges to 0. In Proposition 3.4 we show that the situation does not change if f is allowed to vary within a countable set of sequences. In Section 4 we use these results to deduce the two theorems stated above. Finally, in Section 5, we adapt one of our results to the setting of C 0 -semigroups. All our main results will be proved on complex Banach spaces, but the reader will find it easy to adapt our results to the setting of real Banach spaces by using complexifications.
Preliminaries
Let us fix some notation that will be used throughout the paper: If X is a real or complex Banach space, then we denote the space of all bounded linear operators on X by L(X). Let X be a complex Banach space. If A : X ⊃ D(A) → X is a linear operator, then σ(A) is the spectrum of A and s(A) := sup{Re λ :
, we use the symbol r(T ) for the spectral radius of T . The operator T is said to be power-bounded if sup n∈N0 ||T n || < ∞, and in this case we automatically have r(T ) ≤ 1.
Let X be a real or complex Banach space. The dual space of X (i.e. the space of all bounded linear functionals on X) will be denoted by X ′ . A vector subspace E ⊂ X ′ is called almost norming if there is a positive constant C such that ||x|| ≤ sup
for all x ∈ X. The C 0 -semigroup on X with generator A will be denoted by (e tA ) t≥0 . We use the symbol ω 0 (A) to denote the growth bound (or type) of the C 0 -semigroup (e tA ) t≥0 . If X is a complex Banach space, then we denote by s 0 (A) the abscissa of uniform boundedness of the resolvent of A, i.e. the infimum of all real number s such that the halfplane {z ∈ C : Re z ≥ s} is contained in the resolvent set C \ σ(A) of A and such that the resolvent R(·, A) is uniformly bounded on {z ∈ C : Re z ≥ s}.
Let us also introduce notation for a few sequence spaces: By c 0 := c 0 (N 0 ; C) we denote the space of all complex-valued sequences, indexed by N 0 , which converge to 0. By (c 0 ) + we denote those sequences f = (f n ) n∈N0 ∈ c 0 which have only real, non-negative entries f n . If g = (g n ) n∈N0 ∈ c 0 , then we call the sequence |g| := (|g n |) n∈N0 the modulus of g. If f ∈ (c 0 ) + , then the vector subspace
we denote by f * ∈ (c 0 ) + the non-increasing rearrangement of f , i.e. the unique sequence which is non-increasing and has the same entries as f (including their multiplicities). The n-th entry of f * will be denoted by (f * ) n =: f * n =: f n * ; the last of these notations is slightly imprecise, but it is more convenient in concrete computations. If 1 ≤ p < ∞, then l p := l p (N 0 ; C) denotes the space of all complexvalued p-summable sequences which are indexed by N 0 .
On several occasions we will need the following proposition which is a version of the Uniform Boundedness Principle. Proposition 2.1. Let X be a real or complex Banach space and let E ⊂ X ′ be a closed, almost norming vector subspace of X ′ . Let A ⊂ X be such that { x ′ , x : x ∈ A} is bounded for every x ′ ∈ E. Then A is bounded in X.
Proof. The proof is essentially the same as for the Uniform Boundedness Principle; we therefore leave it to the reader.
Weak decay rates governed by principal ideals in c 0
The following notion will be essential in formulating conditions which imply that the powers of an operator converge to 0 with respect to the operator norm topology. Definition 3.1. Let ∅ = F ⊂ (c 0 ) + and let a = (a n ) n∈N0 be a sequence of complex numbers. We say that F governs a if a ∈ c 0 and if there exists a sequence f ∈ F which satisfies (|a n | * ) n∈N0 ∈ (c 0 ) f . We say that a sequence f ∈ (c 0 ) + governs a if the set {f } governs a.
The following theorem states that the powers of an operator T converge to zero with respect to the operator norm topology if the non-increasing rearrangements of the sequences (| x ′ , T n x |) n∈N0 decay with the same rate for all x ∈ X, x ′ ∈ X ′ . Theorem 3.2. Let X be a complex Banach space, let E ⊂ X ′ be a closed, almost norming vector subspace and let T ∈ L(X). Let f ∈ (c 0 ) + and suppose that f governs ( x ′ , T n x ) n∈N0 for all x ∈ X, x ′ ∈ E. Then r(T ) < 1.
For the proof we need the following infinite series version of the rearrangement inequality.
Lemma 3.3. Let g = (g n ) n∈N0 ∈ l 1 be a non-increasing sequence of non-negative real numbers and let f = (f n ) n∈N0 ∈ (c 0 ) + . Then we have
Proof. This follows by an approximation argument from the rearrangement inequality for finite sums [5, Theorem 368 ].
Proof of Theorem 3.2. (a) By assumption, the sequence ( x ′ , T n x ) n∈N0 is contained in c 0 , and in particular bounded, for each x ∈ X, x ′ ∈ E. Hence, it follows from Proposition 2.1 and from the Uniform Boundedness Principle that T is power-bounded. Thus, r(T ) ≤ 1 and we have to show that there is no spectral value of T located on the complex unit circle. We assume for a contradiction that λ ∈ C, |λ| = 1, is a spectral value of T .
(b) For every r > 1, we use the abbreviation e(r) := (r − 1)
∞ n=0 fn r n+1 . We may assume that f = 0, and thus we have e(r) > 0 for all r > 1. If x ∈ X and x ′ ∈ E, then we have | x ′ , T n x | * ≤ cf n for all n ∈ N 0 and some number c > 0 (where c might depend on x and x ′ ). Using the Neumann series representation of R(rλ, T ) and the rearrangement inequality from Lemma 3.3, we obtain the estimate
f n r n+1 = c e(r) r − 1 whenever r > 1. By Proposition 2.1 and by the Uniform Bounded Principle we conclude that the operator family { r−1 e(r) R(rλ, T ) : r > 1} is bounded. On the other hand, we have
for each r > 1.
(c) To obtain a contradiction, let us now show that e(r) → 0 as r ↓ 1: If ε > 0, then we can find an integer n 0 ∈ N such that f n ≤ ε for all n ≥ n 0 . Set δ := ε n0||f ||∞ . Then we have for all r ∈ (1, 1 + δ) that e(r) ≤ (r − 1)
Hence we have indeed e(r) → 0 as r ↓ 1 and thus we arrived at the desired contradiction.
The main idea of the above proof is to use the growth behaviour of the resolvent close to the spectral circle; the same approach was used by Weiss to prove the main result in [15] .
In fact, one may allow the decay rates of the sequences ( x ′ , T n x ) n∈N0 in Theorem 3.2 to vary within a countable set of possible rates; this follows from the next proposition and its corollary. Proposition 3.4. Let ∅ = F ⊂ (c 0 ) + be an at most countable set. Then there is a sequence g ∈ (c 0 )
Proof. We may assume that f = 0 for all f ∈ F . Let F = {f (k) : k ∈ N} (where some of the functions f (k) coincide if F is finite). Now, define g =
, where the series converges with respect to the supremum norm in c 0 . Then clearly g ∈ (c 0 ) + . Moreover, we obtain for each k
Corollary 3.5. Let X be a complex Banach space, let E ⊂ X ′ be a closed, almost norming vector subspace and let T ∈ L(X). Let ∅ = F ⊂ (c 0 ) + be an at most countable set and suppose that F governs (
Proof. Due to Proposition 3.4, there is an element f ∈ (c 0 ) + which governs the sequence ( x ′ , T n x ) n∈N0 for all x ∈ X, x ′ ∈ E. Hence, the assertion follows from Theorem 3.2.
Weak decay rates governed by summability conditions
To ensure that the conditions of Theorem 3.2 or Corollary 3.5 are satisfied, one can e.g. impose some kind of summability condition on the sequences ( x ′ , T n x ) n∈N0 . This is the content of the next lemma and the subsequent theorem. (b) Let c 00 be the set of all sequences with only finitely many non-zero entries. If A ⊂ c 00 , then A ⊂ (c 0 ) f for any f ∈ (c 0 ) + which has no zero-entries, so we may assume for the rest of the proof that there is at least one element b = (b n ) n∈N0 ∈ A \ c 00 .
Let us show that this implies ϕ(x) ↓ 0 as x ↓ 0: If ε > 0, then we can find an index n 0 ∈ N 0 such that ϕ(|b n |) < ε for all n ≥ n 0 . Since b ∈ c 00 , we have δ := |b n1 | > 0 for some n 1 ≥ n 0 . As ϕ is non-decreasing, we conclude that ϕ(x) ≤ ϕ(δ) < ε for all x ∈ [0, δ). Hence, we have indeed ϕ(x) ↓ 0 as x ↓ 0 (c) Next, we construct the sequence f : Let (m k ) k∈N ⊂ N 0 be a strictly increasing sequence of integers such that
such a sequence (m k ) k∈N clearly exists since ϕ(
(d) Let a ∈ A, and first assume that ∞ n=0 ϕ(|a n |) ≤ 1. Then for each k ∈ N at most m k entries of the sequence |a| can be equal to or larger then 1 k . Keeping in mind that the indices of the sequence a start at 0 we conclude that |a n | * ≤ f (n) for each n ≥ m 1 and hence we have |a| * ≤ cf for some c > 0. Now only assume that ∞ n=0 ϕ(|a n |) < ∞. Let µ ∈ (0, 1] and observe that, due to (b), ϕ(µ|a n |) ↓ 0 as µ ↓ 0 for each n ∈ N 0 . By the Dominated Convergence Theorem, this implies that
Hence, we can find a number µ ∈ (0, 1] such that ∞ n=0 ϕ(µ|a n |) ≤ 1. As shown before, this implies that µ|a| * = (µ|a|) * ≤ cf for some c > 0 and hence |a| * ≤ c µ f . Thus f governs a.
We now immediately obtain our main result, which is a generalization of [13, Theorem 3.3] . Theorem 4.2. Let X be a complex Banach space, let E ⊂ X ′ be a closed, almost norming subspace and let T ∈ L(X). Let Φ be an at most countable set of nondecreasing functions ϕ : [0, ∞) → [0, ∞) which are strictly positive on (0, ∞). If for each x ∈ X, x ′ ∈ E satisfying ||x|| ≤ 1, ||x ′ || ≤ 1 there is a function ϕ ∈ Φ which satisfies
Proof. It follows from Lemma 4.1 that there is an at most countable set ∅ = F ⊂ (c 0 ) + which governs ( x ′ , T n x ) n∈N0 for all x ∈ X, x ′ ∈ E satisfying ||x|| ≤ 1, ||x ′ || ≤ 1. By a scaling argument, F governs ( x ′ , T n x ) n∈N0 even for all x ∈ X, x ′ ∈ E ′ . Corollary 3.5 thus implies that r(T ) < 1.
Corollary 4.3. Let X be a complex Banach space, let E ⊂ X ′ be a closed, almost norming subspace and let T ∈ L(X). Suppose that for all x ∈ X, x ′ ∈ E there is a
is sufficiently large we have l p ⊂ l p k which implies that condition (4.1) us fulfilled for the function ϕ k . Hence, the assertion follows from Theorem 4.2.
Stability of C 0 -semigroups
Our techniques from Section 3 relied on controlling the weak decay rate of operator powers be certain ideals in c 0 . It seems unclear how to adapt these techniques to the setting of C 0 -semigroups. However, we can use a more concrete approach to show the following result, which generalizes results from [14] . Recall that for a C 0 -semigroup (e tA ) t≥0 , we denote by s 0 (A) the abscissa of uniform boundedness of the resolvent of A.
Theorem 5.1. Let (e tA ) t≥0 be a C 0 -semigroup on a complex Banach space X. Let E ⊂ X ′ be a closed, almost norming subspace and suppose that for each x ∈ X,
If X is a Hilbert space, then the conclusion of the above theorem implies that the growth bound of the semigroup satisfies ω 0 (A) < 0; this follows from the Gearhart-Prüss Theorem [3, Theorem V.1.11]. However, note that the conditions of Theorem 5.1 cannot be sufficient to ensure that ω 0 (A) < 0 on an arbitrary Banach space X, even if estimate (5.1) holds true for fixed p = 1 and for all x ∈ X, x ′ ∈ X ′ ; for a counterexample we refer to [13, Example 4 .1]. We should point out that, at least in the case E = X ′ , Theorem 5.1 can be obtained as a corollary from a recent result of Storozhuk on the size of weak semigroup orbits [12, Theorem 1] . However, since the proof of Storozhuk's result is technically rather involved, we prefer to give a more direct argument here. Our proof is a modification of the arguments given in [14] .
Proof of Theorem 5.1. We may assume throughout the proof that the growth bound of the semigroup satisfies ω 0 (A) ≤ 1 2 (otherwise we can replace A by εA for some small ε > 0).
(a) By Hölder's inequality and assumption (5.1) we have
for all x ∈ X, x ′ ∈ E and for each λ ∈ C satisfying Re λ > 0. We can now use a similar argument as in the proof of [4, Proposition 1.1] to show that the limit
exists with respect to the operator norm topology on L(X) whenever Re λ > 0 (here, the integral τ 0 e −λt e tA dt is understood in the strong sense, of course). For the sake of completeness, we include the argument here: Let Re λ > 0 and choose any µ ∈ C such that Re µ ∈ (0, Re λ). Consider the bilinear map for all x ∈ X, x ′ ∈ E. For 0 ≤ τ 1 ≤ τ 2 we thus obtain for all x ∈ X, x ′ ∈ E. Since E is almost norming, we can find a constant C ≥ 0 such that
−tλ e tA dt|| ≤ e −τ1(Re λ−Re µ) M µ C whenever 0 ≤ τ 1 ≤ τ 2 . Hence, the net ( τ 0 e −λt e tA dt) τ ≥0 is a Cauchy net in L(X) and thus converges.
From the convergence with respect to the norm topology in (5.2) we can conclude that each λ ∈ C which satisfies Re λ > 0 is contained in the resolvent set of A and that we have R(λ, A) = R(λ) for each such λ (see [3, Theorem II.1.10 (i)]).
(b) Let λ ∈ C, Re λ ∈ (0, 1) and let x ∈ X, x ′ ∈ E. Choose p ∈ [1, ∞) such that the estimate (5.1) is satisfied and let q ∈ (1, ∞] be the conjugate index of p, i.e. let 
